We investigate p-adic completions of clopen (i.e., closed and open at the same time) subgroups W of loop groups and diffeomorphism groups G of compact manifolds over non-Archimedean fields. We outline two different compactifications of loop groups and one compactification of diffeomorphism groups, describe associated finite groups in projective limits, and discuss relations with the representation theory.
Introduction.
The importance of such groups in the non-Archimedean functional analysis, representation theory, and mathematical physics is clear (see [1, 8, 10, 11, 14, 18, 19] ). This paper is devoted to one aspect of such groups: their structure from the point of view of the p-adic compactification (see also about Banaschewski compactification in [18] ). The p-adic compactifications are constructed below such that they are also groups. This also opens new possibilities for studying their representations as restrictions of representations of p-adic compactifications.
First, we recall basic facts and notation, which are given in detail in [10, 11, 13, 17, 18] . For a diffeomorphism group Diff(M) of a Banach manifold over a local field K, there are clopen (i.e., closed and open at the same time) subgroups W such that they contain a sequence of profinite subgroups G n with G n ⊂ G n+1 for each n ∈ N and n G n is dense in W , where N is the set of natural numbers. The p-adic completions of clopen subgroups W of loop groups G and diffeomorphism groups G are considered. In the case of the diffeomorphism group, the p-adic completion produces weakened topology on W relatively to which it remains a topological group. In the case of the loop group, the p-adic completion produces a new topological group V in which the initial group W is embedded as a dense subgroup such that V ≠ W . The topology on W inherited from V is weaker than the initial one. For the compact manifold M in the case of the diffeomorphism group, the p-adic completion of W produces the profinite group. For the locally compact manifolds M and N in the case of the loop group L t (M, N), the p-adic completion of W produces its embedding into Q N p , where Q p denotes the field of p-adic numbers. When W is bounded relatively to the corresponding metric in L t (M, N), then W is embedded into Z N p , where Z p denotes the ring of p-adic integers. The group Diff(M) is perfect and simple, on the other hand, the group L t (M, N) is commutative. The notation given below and the corresponding definitions are given in detail in [10, 13] . elements such that S |π | −k is equal to the quotient ring B(K, 0, 1)/B(K, 0, |π | k ),
the generator of the valuation group of K (see also about local fields in [20] ). In 
Let now M and N be two analytic compact manifolds embedded into B(K ψ , 0, 1) and B(K ξ , 0, 1), respectively, as clopen subsets and f ∈ C t (M, N), where
For an integer t it is the space of t-times continuously differentiable functions in the sense of partial difference quotients (see [10, 13, 17] ). Then f = pr-lim k f k , where Proof. In view of Section 2.1,
for each a ∈ K and x ∈ B(K ψ , 0, 1), where Since
algebraically. 
Let Diff w (M)
:
Theorem 2.5. The group Diff w (M) is a compact topological group and it is the compactification of Diff t (M) in the weak topology. If t > 0, then Diff t (M)
does not coincide with Diff w (M). 
Proof. Since Diff t (M) ⊂ C t (M, M), then Diff t (M) has the corresponding embedding into C w (M, M). Since C w (M, M) is compact and Hom
together with other properties given above, means that Diff w (M) is the algebraic group, since f = pr-lim k f k , g = pr-lim k g k , and h = pr-lim k h k also satisfy the associativity axiom, each f has the inverse element f −1 (f (x)) = id, and e = id is the unit element. By the definition of the weak topology in Diff w (M), for each neighbourhood of e = id in Diff w (M) there exist k ∈ N and a subset
hood of e and there exists k ∈ N such thatπ
k = e k andπ k is the homomorphism. Therefore, f U := W is the neighbourhood of f such that W −1 ⊂ W , which demonstrates the continuity of the inversion
Notes. Each projectionπ
where 
Then the representations of symmetric groups known from the classical works of Littlewood and Weyl [7, 21] with the help of the projective limit decompositions produce finite-dimensional representations of the diffeomorphism groups.
3. p-adic completion of loop groups. At first, we recall shortly the main details of definitions from [13] .
Definitions and notes.
Let X be a Banach space over K. Suppose that M is an analytic manifold modeled on X with an atlas At(M) consisting of disjoint
Banach space of functions f : M → Y with an ultranorm
where Y is the Banach space over
we denote a completion of a subspace of cylindrical functions restrictions of which on each chart f | U l are finite K-linear combinations of functions {Qm(xm)q i | U l : i ∈ β, m} relatively to the following norm:
where multipliers J l (t, m) are defined as follows: 
is the index of a class of smoothness, that is, for each admissible
with * either empty or taking the value 0, respectively,
where
In view of formulas (3.4), (3.5), (3.6), and (3.7), we supply it with an ultrametric
, (3.8) for each 0 ≤ ξ < ∞.
3.2.
For infinite atlases we use the traditional procedure of inductive limits of spaces. For M with the infinite atlas, card(Λ M ) = ℵ 0 , and Y is the Banach space over K; we denote by C θ,ξ * (M, Y ), for 0 ≤ ξ ≤ ∞, a locally K-convex space, which is the strict inductive limit
where E ∈ Σ, Σ is the family of all finite subsets of Λ M directed by the inclusion
For mappings from one manifold into another f : M → N we therefore get the corresponding uniform spaces denoted by C θ,ξ * (M, N). We introduce the notation 
has a refinement At (M), which is countable, and its charts (Ū j ,φ j ) are clopen, disjoint, and homeomorphic with the corresponding balls B(X, y j ,r j ), wherē
are homeomorphisms (see [5, 9] ). ForM we fix such At (M).
We define topologies of groups G(ξ,M) and locally K-convex spaces C ξ * (M, Y ) relatively to At (M)
, where Y is the Banach space over K. Therefore, we suppose also thatM and N are clopen subsets of the Banach spaces X and Y , respectively. Up to the isomorphism of loop semigroups, we can suppose that s 0 = 0 ∈M and y 0 = 0 ∈ N.
For M =M \{0} let At(M) be consisted of charts (U j ,φ j ), j ∈ Λ M , while At (M) consists of charts (U j ,φ j ), j ∈ Λ M , where due to formulas (3.11) and (3.12) we define
(3.13)
Definitions and notes.
Let the spaces be the same as in Section 3.2 (see formulas (3.9) and (3.10)) with the atlas of M defined by conditions (3.13). Then we consider their subspaces of mappings preserving marked points:
lim
,[t],t , k= [v]+sign{v} , (3.14) for each v ∈ {[t] + nγ, t + nγ}, and the following subgroup:
of the diffeomorphism group. With the help of them we define the following equivalence relations K ξ : f K ξ g if and only if the following sequences exist:
such that
Due to condition (3.19) these equivalence classes are closed, since
We denote them by f K,ξ .
Then for g ∈ f K,ξ we write gK ξ f also. We denote the quotient space C 
is a bijective mapping for which
This induces the continuous injective homomorphism
where (N, y 0 ) ). s 0 ), (N, y 0 ) ) (see formulas (3.23), (3.24), (3.25), (3.26), (3.27), and (3.28)) and then using the equivalence relations K ξ (see condition (3.19) ).
The composition in Ω ξ (M, N) is defined due to the following inclusion
It is shown below that Ω ξ (M, N) is the monoid, which we call the loop monoid. Ω ξ (M, N) with the unity and the cancellation property there exists a commutative group L ξ (M, N) equal to the Grothendieck group. This group is the quotient group F/Ꮾ, where F is a free abelian group generated by Ω ξ (M, N) and Ꮾ is a closed subgroup of F generated by elements
Note and definition. For a commutative monoid
is injective. We supply F with a topology inherited from the Tychonoff product topology of
3.8. Let, as in Sections 2.1 and 3.3,M and N be two compact manifolds.
Theorem 3.1. Let Ω ξ (M, N) be the commutative loop monoids, then the quotient mappingsπ k induce the corresponding inverse sequence {Ω(M
Proof. In view of Corollary 2.2,
where the quotient mapping is denoted byπ k for both M and N, since it is induced by the same ring homomorphismπ k :
. All of this is also applicable with the corresponding changes to classes of smoothness C ξ (or C(ξ) in the notation of [13] , where N) , that is, there are sequences f n and g n in C ξ 0 (M, N) converging to f and g, respectively, and also a sequence ψ n ∈ Diff ξ 0 (M) such that f n (x) = g n (ψ n (x)) for each x ∈ M, thenπ k (f n ) =: f n,k and g n,k :=π k (g n ) converge toπ k (f ) and π k (g), respectively, and also ψ n,k :
k is the finite discrete set. This induces the quotient mappingπ k :
It produces the inverse sequence of finite discrete spaces, hence the limit of the inverse sequence is compact and totally disconnected. It remains to verify that
is a commutative topological monoid with unit element and the cancellation property.
The composition operation is defined on threads { f k K,ξ,k : k ∈ N} of the inverse sequence in the following way. There is a fixed
On the other hand, χ −1 (U) is a disjoint union of balls of radius |π | 2k in B(K 2m ,0, 1), hence there is defined a surjective mapping χ k :
There exists one-to-one correspondence between the elements f ∈ C w (M, N) and N k ) algebraically is the commutative monoid with the cancellation property. Let U be a neighbourhood of e in Ω w (M, N), then there exists N k ) , e ∈ U k , and U k ⊂ U . On the other hand, there exists N 2k ), e ∈ U 2k , and
3.9. Note. The compactification of Ω ξ (M, N) given above is not unique. Another compactification is given below. The second is larger than the first one. 
3.10.
Let now s 0 = 0 and y 0 = 0 be two marked points in the compact manifoldsM and N embedded into K ψ and K ξ , respectively. Define the follow-
is locally compact, noncompact, and unbounded in K ψ , since M is locally compact and noncompact. Let
Let the disjoint union ofx j + S
: j} is the disjoint covering of (K ψ ) and 
is a clopen neighbourhood of zero inM. We take 
has an expression through Φ l (f ∨ g) and Φ j (χ −1 ) with l, j ≤ n and n subor- 
whereM k is supplied with the quotient norm induced from the space X, since X ⊂ X, x ∈M k . Let J k denote the quotient mapping corresponding to K ξ,k . Therefore, analogously to [13, Section 2.6] we get that Ω(M k ,N k ) are commutative monoids with the cancellation property and the unit elements e k , since where j = min{i : ∞), (N, 0) ), since the support of each limit point f k ofπ k ( g K,ξ ) is the finite subset inM k . Let k 0 be such that N k 0 ≠ {0}, then
